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To understand the amazing variety of the superconducting states of Fe-based superconductors,
we analyze the multiorbital Hubbard models for LaFeAsO and LiFeAs going beyond the random-
phase approximation (RPA), by calculating the vertex correction (VC) and self-energy correction.
Due to the spin+orbital mode coupling described by the VC, both orbital and spin fluctuations
mutually develop, consistently with the experimental phase diagram with the orbital and magnetic
orders. Due to both fluctuations, the s-wave gap function with sign-reversal (s±-wave), without
sign-reversal (s++-wave), and nodal s-wave states are obtained, compatible with the experimental
wide variety of the gap structure. Thus, the present theory provides a microscopic derivation of the
normal and superconducting phase diagram based on the realistic Hubbard model.
PACS numbers: 74.70.Xa, 74.20.-z, 74.20.Rp
One of the main characteristic feature of Fe-based
superconductors is their amazing variety of the super-
conducting gap structure. For example, isotropic fully-
gapped s-wave state is realized in optimally-doped Co-
doped and K-doped BaFe2As2 [1–3], while nodal s-wave
states are expected in under and over-doped compounds
[4]. In optimally P-doped BaFe2As2, in contrast, nodal s-
wave state is observed by angle-resolved thermal conduc-
tivity [5] and angle-resolved photoemission spectroscopy
(ARPES) [6–8]. Such variety of the gap structure would
indicates the presence of competing pairing interactions
in Fe-based superconductors [9–11].
To clarify the pairing mechanism in strongly correlated
systems, its normal state phase diagram should be under-
stood. The coincidence of the structure (or orbital) and
magnetic quantum critical points (QCPs) indicates the
coexistence of orbital and spin fluctuations in Fe-based
superconductors. The large softening of the shear mod-
ulus C66 above the structure transition temperature TS
is a direct evidence of orbital fluctuations [12–17], and
the orbital order or polarization had been observed in
various compounds by polarized ARPES measurements
[18, 19]. As for the superconductivity, the s-wave state
with (without) sign reversal is caused by spin (orbital)
fluctuations [20–26]. In BaFe2(As,P)2, the absence of
the horizontal node on the hole-doped Fermi surface (h-
FS) with 3z2 − r2-orbital character [6, 7] indicated the
importance of the orbital fluctuations [9], and the loop-
nodes on the electron-type Fermi surfaces (e-FSs) [5–7]
can be explained by the competition between different
spin fluctuations [10, 11] or that between spin and or-
bital fluctuations [9].
The normal state phase diagram with non-magnetic
structure transition cannot be explained by the random-
phase-approximation (RPA) based on the multiorbital
Hubbard model. However, it can be explained by con-
sidering the vertex correction (VC), since the spin fluc-
tuations induce the charge quadrupole order (Ox2−y2 ≡
nxz − nyz 6= 0) owing to the spin+orbital mode cou-
pling described by the VC. This mechanism has been
demonstrated by the diagrammatic [26, 27] as well as
the renormalization group [28] methods in several mul-
tiorbital models. Similar spin-orbital coupling beyond
the RPA had also been discussed in Refs. [29, 30]. We
stress that spin fluctuations could also induce the spin
quadrupole (φ = sA · sB) if J1 ∼ 2J2 is realized [12],
so the correct quadrupole order should be elucidated ex-
perimentally. The strain-quadrupole order coupling de-
rived from the fitting of C66 is very large, which would
be natural for the charge quadrupole scenario [13]. Now,
the next significant challenge is to elucidate the pairing
mechanism of the Fe-based superconductors by taking
the VC into account.
In this paper, we develop a theory beyond the RPA,
by calculating both the VC and the self-energy Σ self-
consistently. By this “self-consistent VC+Σ (SC-VCΣ)
method”, we obtain the mutual development of spin and
orbital fluctuations. Therefore, both the s-wave state
with sign change (s±-wave) and that without sign change
(s++-wave), both of which are promising canditate pair-
ing states, are naturally reproduced based on the two
different realistic Hubbard models. No additional inter-
actions such as the quadrupole interaction [24] were in-
troduced to the models. The obtained smooth s++ ↔ s±
crossover could explain the wide variety of gap structures
in Fe-based superconductors.
In the following, we explain the SC-VCΣ method.
First, we employ the five-orbital Hubbard model for
LaFeAsO introduced in Ref. [20]. We denote d-orbitals
3z2 − r2, xz, yz, xy, and x2 − y2 as 1, 2, 3, 4 and 5, re-
spectively. Hereafter, x, y-axes are along the nearest Fe-
Fe direction. The Fermi surfaces are mainly composed of
orbitals 2, 3 and 4 [31]. The susceptibility for the charge
(spin) channel is given by the following 25 × 25 matrix
form in the orbital basis:
χˆc(s)(q) = χˆirr,c(s)(q)(1 − Γˆc(s)χˆirr,c(s)(q))−1, (1)
2where q = (q, ωl = 2pilT ), and Γˆ
c(s) represents the
Coulomb interaction for the charge (spin) channel com-
posed of U , U ′ and J given in Refs. [24, 25, 32]. The
irreducible susceptibility in Eq. (1) is given as
χˆirr,c(s)(q) = χˆ0(q) + Xˆc(s)(q), (2)
where χ0ll′,mm′(q) = −T
∑
pGlm(p + q)Gm′l′(p) is the
bare bubble, and the second term is the VC, which is es-
sential to produce the orbital fluctuations as discussed in
Ref. [26]. In the SC-VCΣ method, Green’s function Gˆ is
given by Dyson’s equation Gˆ = (Gˆ−10 − Σˆ)
−1, where Gˆ0
is the bare Green’s function and Σˆ is the self-energy. (In
the SC-VC method, we put Σˆ = 0.) In order to measure
the distance from the criticality, we introduce the charge
(spin) Stoner factor α
c(s)
q , which is the largest eigenvalue
of Γˆc(s)χˆirr,c(s)(q) at ωl = 0 [24]: The charge (spin) sus-
ceptibility diverges when αc(s) ≡ maxq{α
c(s)
q } = 1.
Here, we introduce VCs due to the Aslamazov-Larkin
(AL) terms, which is the second order term with re-
spect to χˆc,s and becomes important near the QCP
[26, 33]. The VCs for charge(spin) sector are denoted
as Xˆc(s)(q) ≡ Xˆ↑,↑(q) + (−)Xˆ↑,↓(q). The AL term for
the charge sector, XAL,cll′,mm′(q), is given as
T
2
∑
k
∑
a∼h
Λll′,ab,ef (q; k){V
c
ab,cd(k + q)V
c
ef,gh(−k)
+3V sab,cd(k + q)V
s
ef,gh(−k)}Λ
′
mm′,cd,gh(q; k), (3)
where Vˆ s,c(q) ≡ Γˆs,c + Γˆs,cχˆs,c(q)Γˆs,c, Λˆ(q; k) and
Λˆ′(q; k) are the three-point vertex made of three Green
functions[26]. We include all U2-terms without the dou-
ble counting to obtain reliable results. Note that we ne-
glect XˆAL,s because the contribution of XˆAL,s is much
smaller than that of XˆAL,c [26–28].
The 5 × 5 self-energy matrix Σˆ in the fluctuation-
exchange (FLEX) approximation is given by
Σlm(k) = T
∑
q
∑
l′,m′
V Σll′,mm′(q)Gl′m′(k − q), (4)
where Vˆ Σ(q) is the effective interaction for the self-
energy: Vˆ Σ(q) =
3
2
Vˆ s(q)+
1
2
Vˆ c(q)−
1
4
(Γˆc−Γˆs)χˆ0(q)(Γˆc−
Γˆs) − Γˆbχˆ0(q)Γˆb, where Γbll′,mm′ = −U
′ + J for l = l′ 6=
m = m′ and Γbll′,mm′ = 0 for others. The third and fourth
terms of right hand side in Vˆ Σ(q) are required to cancel
the double counting in the 2nd order diagrams. By solv-
ing above equations, we obtain the susceptibilities and
self-energy self-consistently.
In our calculation, we neglect the Maki-Thompson
(MT) terms since it is much smaller than the AL term as
explained in Ref. [26]. The dominance of the AL term is
also verified by recent renormalization group study [28].
We use Gˆ0 in calculating Λ and Λ
′ in Eq. (3) since they
are underestimated at high temperatures (T ∼ 0.05) due
to large quasiparticle damping ImΣ(q,−iδ) ∝ T .
We use 64× 64 k-meshes and 256 Matsubara frequen-
cies at T = 0.05 eV, and set the unit of energy as eV.
Hereafter, we put the constraint U = U ′+2J . The Fermi
surfaces in the LaFeAsO model for n = 6.1 are shown in
Fig. 1 (a), where θ is denoted by the azimuthal angle
from kx axis. Figure 1 (b), (c) and (d) shows the ob-
tained χc22,22(q), χ
c
24,42(q) and χ
c
34,43(q) for J/U = 0.15
and U = 2.2 (αs = 0.96 and αc = 0.97) using the SC-
VCΣ method, respectively. The development of the ferro-
orbital fluctuations explains the softening of the shear
modulus C66 and structure transition, and both ferro-
and antiferro (AF)-orbital fluctuations are the driving
force of the s++-wave state. Here, orbital fluctuations
can develop for much large J/U compared to the SC-VC
method [26], since the value of U for the ordered state in-
creases due to the self-energy, and therefore XˆAL,c ∝ U4
is enlarged. We verified that similar results are obtained
for 6.0 ≤ n ≤ 6.1, even if the h-FS at (±pi,±pi) appears.
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FIG. 1: (color online) (a)FSs of the LaFeAsO five-orbital
model for n = 6.1, where θ is denoted by the azimuthal an-
gle from kx axis. (b)χ
c
22,22(q), (c)χ
c
24,42(q) and (d)χ
c
3443(q)
given by the SC-VCΣ method for J/U = 0.15, α
s = 0.96, and
αc = 0.97.
Next, we focus on the superconducting gap function.
The linearized Eliashberg equation in the absence of im-
purities is given by
λEφll′(k) = − T
∑
k′,mi
V Elm1,m4l′(k − k
′)Gm1m2(k
′)
×φm2m3(k
′)Gm4m3(−k
′) (5)
where φll′ (k) is the anomalous self-energy and λE is the
eigenvalue that reaches unity at T = Tc. When T is fixed,
λE is considered to be guide of stability of the supercon-
ductivity, i.e., the larger eigenvalue λE corresponds to
the higher Tc. The pairing interaction Vˆ
E in Eq. (5) is
Vˆ E(q) =
3
2
Γˆsχˆs(q)Γˆs −
1
2
Γˆcχˆc(q)Γˆc + Vˆ (1), (6)
where χˆs,c is given by the SC-VCΣ method for nimp = 0,
and Vˆ (1) denotes the first order term. The first (second)
3term in Eq. (6) works to set ∆FS1,2 · ∆FS3,4 < 0 (> 0)
[32].
Finally, we obtain a gap function ∆ˆ(k) = φˆ(k, ωn =
piT )/Zˆ(k) in the band representation, where mass
enhancement factor Zˆ is given as Zα(k) = 1 −
ImΣα(k,ωn=piT )
piT
in a band α. We obtain Z ∼ 3 in the
present study. We note that the absolute value of ∆ is
not important since the Eliashberg Eq. (5) is linearized.
In Eq. (6), Vˆ (1) = 12 Γˆ
s − 12 Γˆ
c represents the first-
order terms with respect to the Coulomb interaction.
This term gives the Anderson-Morel pseudopotential
µ∗ ≈ UN(0)[1 + UN(0) ln(Wband/ω0)]
−1, where N(0)
is the density-of-states (DOS) at the Fermi level, Wband
is the bandwidth, and ω0 is the energy-scale of the or-
bital and spin fluctuations [34]: ω0 ∼ T is expected in
optimally-doped compounds close to the orbital and mag-
netic QCPs. Although µ∗ suppresses the s++-wave state,
we can expect that this term is approximately canceled
out by the weak e-ph interaction λe−ph (∼ 0.2).
Hereafter, we calculate the superconducting gap func-
tions based on the gap equation in Eq. 6, by fixing the
ratio J/U while choosing U so as to satisfy αc = 0.97.
Figure 2 (a) and (b) show the obtained gap structures for
J/U = 0.1 (U = 2.0; αs = 0.91) with Vˆ
(1) (λE = 0.35)
and those without Vˆ (1) (λE = 0.51), respectively. The
dropping of Vˆ (1) will be justified since we expect that µ∗
is as small as λe−ph (∼ 0.2) due to the retardation. In
both cases, fully-gapped s++-wave states are obtained.
In (b), gap functions of FS1 and FS2 are as large as that
of FS3 since Vˆ (1) is repulsive interaction and unfavorable
to the s++-wave state. The s++-wave state is derived
from the strong developments of χ22,22(q) and χ24,42(q)
shown in Fig.1.
Next, we move to J/U = 0.12, where the spin fluctua-
tions are stronger than that for J/U = 0.1. Figure 2 (c)
and (d) show the obtained gap structures for J/U = 0.12
(U = 2.1; αs = 0.93) with Vˆ
(1) (λE = 0.49) and those
without Vˆ (1) (λE = 0.57), respectively. In both (c) and
(d), the obtained states are the nodal s-wave states which
is intermediate between s++-wave and s±-wave states
due to the competition between orbital and spin fluc-
tuations. We note that the relation J/U = 0.12− 0.15 is
estimated by the first principle calculation [35].
We also study the impurity effect on the superconduct-
ing state, by introducing the impurity T -matrix into Eq.
(5) according to Refs. [24, 36, 37]. Here, we discuss the
impurity-induced s± → s++ crossover for J/U = 0.15
(U = 2.2; αs = 0.96; λE = 0.33), in which the spin and
orbital fluctuations are comparable. In the absence of
impurities (nimp = 0), the s±-wave state is realized as
shown in Fig. 3 (a). As increasing nimp, the crossover
between s++-wave and s±-wave states is expected, as
discussed in Refs. [9, 24]. In fact, Fig. 3 (b) and (c)
shows the obtained gap functions for nimp = 5% and 10%,
respectively, when the impurity potential is I = 1eV.
Since the obtained λE (∼ 0.33) is almost unchanged
for nimp = 0 ∼10%, the impurity-induced s± → s++
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FIG. 2: (color online) (a) θ dependences of gap functions
for J/U = 0.1 with Vˆ (1) and (b) those without Vˆ (1). (c) θ
dependences of gap functions for J/U = 0.12 with Vˆ (1) and
(d) those without Vˆ (1).
crossover will be realized with small change in Tc. Since
the impurity concentration to realize the crossover is
scaled with T , nimp = 10% for T = 0.05 would corre-
spond to nimp ∼ 1% for T = Tc ∼ 0.005. Therefore,
the s++-wave state will be realized in various iron-based
superconductors with finite randomness.
 0 pi/2
∆
θ
 0
FS1
FS2
FS3
 0 pi/2
θ
J/U=0.15
nimp=5% nimp=10%(a) (c)
without V (1)
 0 pi/2
θ
nimp=0% (b)
FIG. 3: (color online) (a) θ dependences of gap functions
without Vˆ (1) for J/U = 0.15 with nimp = 0%, (b) those with
nimp = 5%, and (c) those with nimp = 10%.
In the following, we study the superconducting state of
LiFeAs, using the tight-binding model given by fitted to
the ARPES data of LiFeAs [38]. The FSs in the model are
shown as Fig. 4 (a) for n = 6.0, in which the large dxy-
orbital h-FS4 around k = (pi, pi) is added to the model of
LaFeAsO. Within the RPA, the s±-wave state is favored
by the h-FS4 [39]. However, as shown in Fig. 4 (b) and
4(c) for J/U = 0.12, U = 1.2 at T = 0.03 (αs = 0.92
and αc = 0.97), the AF-spin and AF-orbtital fluctu-
ations are strongly enhanced in the SC-VCΣ method.
In contrast, the ferro-orbital fluctuations are relatively
small, consistently with the absence of the structure tran-
sition in LiFeAs. The gaps obtained for J/U = 0.12,
nimp = 0% at T = 0.03 are s++-wave mediated by the
AF-orbital fluctuation as shown in Fig. 4 (d) with Vˆ (1)
(λE = 0.40) and (e) without Vˆ
(1) (λE = 0.53). Thus, the
fully-gapped s++-wave state is realized for J/U = 0.12
even for nimp = 0.
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FIG. 4: (color online) (a)FSs of the LiFeAs model for n = 6.0.
(b)χs(q) =
∑
l,m
χsll,mm(q), (c)χ
c
24,42(q) given by SC-VCΣ
method in the LiFeAs model for J/U = 0.12, αs = 0.92, and
αc = 0.97 at T = 0.03. (d) θ dependences of gap functions
for J/U = 0.12, nimp = 0% at T = 0.03 with Vˆ
(1), and (e)
those without Vˆ (1). (f) Feynman diagram of ∆ˆ and VC Λˆ′′
for the charge sector Vˆ c in the pairing interaction Vˆ E.
Here, the calculation temperature is much higher than
Tc since the SC-VCΣ method is heavy numerical calcula-
tion. For this reason, the obtained gap is nearly isotropic
on each FS. It is our important future problem to study
the experimental large gap anisotropy at much lower tem-
peratures.
In the present study, we dropped the VC for the
electron-boson coupling constant in the gap equation,
shown by Λˆ′′(q; k) in Fig. 4 (f). Recently, we had verified
that |Λˆ′′(q; k)| due to the AL type diagram in Fig. 4 (f)
is much larger than unity for the charge sector [40]. This
fact means the violation of the Migdal’s theorem. Then,
λE for the s++-wave state is enlarged since the charge
pairing interaction 12 Γˆ
cχˆc(q)Γˆc, given by the second term
in Eq. (6), is multiplied by |Λˆ′′(q; k)|2. Therefore, the
s++-wave state is further stabilized by the VC for the
electron-orbiton coupling, going beyond the Eliashberg
theory.
In summary, we have studied the normal and supercon-
ducting states of LaFeAsO and LiFeAs using the SC-VCΣ
theory. We obtain both the s++- and s±-wave gap, both
of which are promising candidate pairing states, based
on two very different but realistic tight-binding Hubbard
models with J/U . 0.15. No additional interactions such
as the quadrupole interaction were introduced. We stress
that a smooth s++ ↔ s± crossover could be realized
by introducing the impurities or magnetic ordered state,
consistently with the robustness of Tc [41–44] and the
wide variety of gap structures in Fe-based superconduc-
tors.
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